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Overview



Recap of Last Lecture

Time Series Process vs. Realisation
Defined Stationarity & White Noise
Introduced AR(1),MA(q),ARMA(1,1) Processes

Derived ACF of MA(q)



Today’s Lecture

Introduce MA(o0) Process & its importance

Derive Properties of AR(1)

Outline properties of ARMA(1,1) [Derivations in Exercise 2]
Introduce the Lag Operator and its use

Introduce ARMA(p,q) Models

Conditions for Stationarity in ARMA(p.q)



MA(cc) Process




MA(oc) Process

Definition: MA(q) Process

Vi=a+Y i 0e-; e~ WN(o?)
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MA(oc) Process

Definition: MA(q) Process MA(cc) Process

Yi=a+ Y g0e; e~ WN(o?) Yi=a+ Y200, e~ WN(o?)

E[Yi] = a E[Y] =a
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Definition: MA(q) Process MA(cc) Process
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MA(o0) Process

Definition: MA(q) Process MA(cc) Process

Yi=a+ Y g0e; e~ WN(o?) Yi=a+ Y200, e~ WN(o?)
EYi] =« ElY: =«

‘Var[Y}]:aZ 003 ’ Var [Yy] = 0?3752, 03

v(k) = o’ Zg;g 0s0s4r :k=0,.q
! k>q v(k) = 0?3202, 05051 k=0,1,...




Condition for Stationarity of MA (o)

Y; is MA(00) then E [Y;], Var[Y:], Cov(Y:, Yi—;) not a function of t.

If Var[Y;] < oo then MA(o0) satisfies Stationarity Condition.

Definition: Definition:

o0 o0
ZH? < 00 Z |0s| < oo
s=0 s=0

‘ Stationary if MA(oo) coefficients Absolutely Summable}




Importance of MA(oc): Wold Decomposition

Theorem 2.1:

Any stationary process can be represented as M A(o0) :

Vi=a+)» s, =1 & ~WN(o?)
s=0

for 61, .., 0 satisfying Square Summability

Derive mean, variance and ACF of any stationary process by finding its MA(co) form and using
general formulas for MA(c0).

We use this method for the stationary AR(1) Process



AR(1) Process




Yi = pt+o1Yi1+e

b et ve
= prpir+pol+olYis+ it de +a O]

= A pd .+l + ¢ Vi ey + Sle i+l et e

o0
= + Et—j
1_¢1 jgo¢1t]

(MA(oo) Process where oo = 1—_‘:71 and 05 = ¢ J




AR(1): Mean & Variance

LMA(oo) form of stationary AR(1): Y, = f-+ Yoot g Pie—s

Mean

EYi] = 5,

Variance

Var(Y;) = o? 292

s=0
=o")_(69)°

s=0
= (1+ 2 + o] +..)

1
iy




AR(1): Autocovariance and Autocorrelation Function

[Autocovariance Function ]

’}/(k) :UQ Z 9808+k
s=0

=o*) diortt
s=0

00
:QS]{"O'Q Z d)%e 4=05 - =08
s=0 e

=oky(0) k=0,1,2,...

[Autocorrelation Function p(k) = ¢F ]




ARMA(1,1)




Y, = p+diYio1+me—1+e

= p+ por+ ¢%Kﬁ—2 + p1mer—a + (1 +m1)er—1 + &

= p+ ppr + pdt + @Y + dimei—s + ¢1(d1 + m)er—a + (¢1 +m)ei—1 + &

= W+ ppr+..+ /MZ){ + ¢{+1Yt—j4 + 7}1(1)]1.&7]’71 + ¢{_1(U1 +1)er—j+ ..+ (M + P1)er—1 + e

= 7 qu +(m+¢1)Y e+
- %1

Jj=1

[ARMA(l,l) stationary when |¢| < 1 J 10




[Derived in Video Exercise 2]

o (L4 2¢1m1 +1?)
1— ¢?

Var[Yy] =0

oy { 7o rm) [14+ G| =1
o1 (1) k> 1

11



ARMA(p.q) Process




ARMA(p.q) Process

Definition:

Yi=p+d1Yo g+ +opYipter g~ WN(UQ)

Definition:

Vi=p+ @Y1+ o+ ¢pYip + et + M1 + oo +NgEt—q €2 ~ WN(0?)

o)

ARMA(p,q) general class of processes capable of modelling complex dynamics
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$1=03 ¢2=05 $1=09 ¢=-0.6
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Allows more complex correlation patterns relative to AR(1)
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Stationarity ARMA(p,q) Processes




Useful Tool: Lag Operator

Definition:

The Lag Operator L satisfies

LY, =Y 4 for any t
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Useful Tool: Lag Operator

Definition:

The Lag Operator L satisfies

LY, =Y 4 for any t

[Important Property: L ‘behaves’ like Polynomial]

(1-L)(1+ L)Y, = (1-L)(Y;+ LY, 1-L%Y, = v, -L%,
= (1-L)(Yi+Yi1)

(

(

I
=
!
3

Yi+Yi1)) = L(Y; + Y1)
Vi+Yi)—Yi1—Yi o
= Yi1-Y
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YVi=p+¢1Yie1+¢2Yiote & (1—¢1L—¢l?)Yi=p+e

(1= $iL — s L2)Y; = (1 = M L)(1 — Ao L)Y
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YVi=p+¢1Yie1+¢2Yiote & (1—¢1L—¢l?)Yi=p+e

(1= $iL — s L2)Y; = (1 = M L)(1 — Ao L)Y

Yi=(01—-ML)7Y1 =L)"Y (u+er) } Require [A;| < 1 and |A2| < 1 for stationarity

Suppose not and Ay =1
1-ML)Y, = (A-L) " (u+e)
= (I+L+L*+. ) (u+er)

— 0
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Stationarity Condition in general AR(p)

Vi=p+dYia+-+¢Yipte & (I—g1L— L)Y, =a+e

(1= gL —- =, LP)Y; = (1 = ML) x --- x (1 = \,)Y;

[Yt =1 =ML x o x (1= XL) N u+er) |Aj| <1 for j ={1,..,p} for Stationarity

[@Lag Operator & AR(p) Stationarity: Extra video material
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Stationarity Condition for ARMA(p,q) Processes

Yi=p+o1Ye1+ ..+ dpYipterHmiei—1 + ...+ 10gEi—g

(1 -1 L—--- gﬁpLP)Y; =p+eEr+MmeE—1+ .. +NgEt—q

M A(q) always stationary

Stationarity of ARM A depends only on AR

[Stationarity Condition for ARMA(p,q) same as for AR(p) ]
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Recap & Moving on..




Discussed MA(c0) and its use
Derived properties of AR(1)

Conditions for stationarity of ARMA(p,q) models
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Sample autocorrelation function
Estimation of ARMA models
Model Selection & hypothesis testing

Model Specification (testing for serial correlation)

[ Reading: Chapter 2 of notes and Chapter 3 in prep for next lecture on Estimation. ]
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