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1. A process has an MA(oo) representation

[ee]
Yi = a+) 1nses
s=0

.775 = ¢17s-1, s>2
2 = 1, Bn=¢+06

where the coefficients 75 satisfy 1-3. It turns out this MA(oo) is an ARMA(1,1) process which is what part (a)
asks you to show.

. says that the MA(oo) coefficients #s for s > 2 are a first order difference equation where

. is the initial condition, i.e 771 = ¢ + 6 and

. 7o = 1 which is convention with any MA(co) process.

(a)
Y; = a & +me—1 + ME—n2 + K&z +
Yioi = + &1 + MmE—2 + ez +

Then subtact ¢1Y;_1 from Y; above and we find
Yi—¢1Yi1 = (a—ra) +ee+ (i —pr)er—1 + (2 — pimn)er—a + (13 — prmz)er—3 + ...
——

= u+e+01g
. Defining y = a(1 — ¢)
. By (3) 11 = ¢1 + 01 hence 171 — ¢ = 01.

. By (2) 1s — ¢115—1 =0 fors > 2,ieny — 1171 =0, 153 — P12 = 0 ...
Thus, Y; [the MA(o0) process above with coefficients satisfying 1-3] is the ARMA(1,1) process

Yi=a+¢1Y;1 + e +61g 1.

(b) Successively substituting in #s = ¢175_1, s > 2, then
s = P17s—1

= #in > |Substitufing g = g1
= ¢in 3 Substituting s = g3

= @7, s>2
The starting values given in (2) 777 = ¢ + 6.

s =@ (g1 +61)s>2

Also since 171 = ¢1 + 01 = ¢)(¢1 + 61)
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(c) The Absolute Summablity Condition is

For this process

il = 1+ Ll
s=0
Vg =00 Substituting g, = g5 (91 +0) fors > 1

- 1+Zl¢1l“ oo [ASTaBIESTallen
s=1
= Urlprol Yo [ TakingpiseiOutside o e sum|

s=1

= 1+lpr+6r ) |pr|" [ Geometric Progression in [fil!
s=0
|¢1 + 61]
_ 1y Tl
= Iflga <1

Hence |¢1]| < 1 then Z |7s| is finite. If |¢1]| > 1 then it is clear from above that Z 75| is infinite.

s=0

Therefore, the ARMA(l, 1) is stationary when
¢1] < 1.

(d) Under the assumptions the ARMA(1,1) process is stationary i.e [¢;| < 1 (hence the variance is finite and
exists). using (1),

varlvi] = vzfvf General formula for variance of MA(co)
- { (L) oreaing e sum and wing 1y < 1
Aleocerd )
- climearEa)  REE———
A 0T Geomticpogesionn 8 where <1
1—4)1
2L 9

T+ 97+ 67 + 2916

1—¢f
0_2(1+24>191 +91)
- 1-¢2

(e) We may use the general formula for the auto-covariance function of a stationary MA(co)
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. Firstly for k =1, i.e Cov[Y}, Y;_1]

y(1) = #(sénsnm)
= (11 +SZ;115175+1> _
_ <(<p1+91) (4>1+91)2§1<P%S‘1) Subst. = (61 +¢1)¢5 " fors > 1
= <(¢1+91> (¢1+91>2¢1§0¢?5> _

+61)?
- (s )

_ 2((P1 + 6 ) ( (qblltggl)ﬁbl)

Now we solve for (k) for k > 2

(k) = Y netsi
s=0

- Ao L) T

s=1

< (e ooy L) G

s=1

= Uz(‘l"f Y1 +61) + ¢ (@1 + 01) 24’23 1)

- (e aeorn b)) A

(¢1+61) + (¢1+ 61)*1 2 ¢7°

_ k—1
= o)

= ¢ (1)
Hence we have shown
2 (p1+60)¢1 | g
(k) = a?(¢1 +61) [1+—2—14)1 ] k=1
Py (1) k>2

By definition p(k) = y(k)/v(0)

| I
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o?(¢p1 +61) {1 + —(4711413;%) ‘Pl]

1 =
p( ) o2 (1426161 +62)
1—¢7

S et R S utiply top and bottom by (1~ )
(142916, + 62)
(¢1+61) [1 4 01¢1]
(14 2¢161 + 62)

Then for k > 2 p(k) = 4)’1‘_1% = 47’1‘_1,0(1) by definition as p(1) = (1) /7(0).
Putting it all together

142616, +67

o1 o(1) k> 2

(@14+01) (1+¢161)
p(k) = {

(f) If 6 = —¢ thenp(1) =0as p(1) = M then p(k) = 0 for k > 1 as p(k) = ¢*1p(1). Hence the
+2¢191+91

process is uncorrelated at all lags.
To see why note for the ARMA(1,1) when 6; = —¢;

A1 (Yio1 — 1) + &

= wrow i —as) re [N

= et upr g+ (Y ) e

H
1—¢

so that
—0; and |(P1| <1

and hence why Y; is uncorrelated in all time periods for an ARMA(1,1) with ¢; =



