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Preliminary Maths - Lectures 1-4
Linear Algebra || (Multivariate) Calculus || Elementary Topology

Static Optimization- Lectures 5-6

Unconstrained Problems || Constrained Problems || Comparative
Statics

Dynamic Optimization-Lecture 7-8

(Ordinary) Differential Equations || Continuous-time Problems



Maths, Language &
the Visual Sign
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grammar
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Mathematics is a language with axioms and rules for

grammar
Employs its own signs to distinguish /denote various entities

Seemingly more rigid and rigorous than lexical language-
ultimately any result has meaning only through

interpretation /context
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The Visual Sign
n

2%
i=1

X1+ X+ X3+ -+ Xy

Total sum of all elements of
some variable x for each entity 1

to n
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Modes of Understanding/Interpreting Mathematics

VISUAL
LEXICAL
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Motivating Economic
Examples
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C - Consumption, G - Government Expenditure, / - Investment, Y -
National Income, r - Interest Rate, M - Money Supply, My - Money
Demand.

C = bY
Y = C+I1+G
| = 19— ar
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Two goods (x, y) with prices (px, p,) with income M
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Two goods (x, y) with prices (px, p,) with income M

N|—=

1
2

max U(x,y) := x2y
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Two goods (x, y) with prices (px, p,) with income M

N|—=

max U(x,y) = X2y

subject to (s.t.) pxx +pyy <M, , x>0,y >0
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Two goods (x, y) with prices (px, p,) with income M

N|—=

max U(x,y) = X2y

subject to (s.t.) pxx +pyy <M, , x>0,y >0
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Individual with initial wealth ag chooses a consumption path
{c(t)}+>0 to maximize their lifetime utility:
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Individual with initial wealth ag chooses a consumption path
{c(t)}+>0 to maximize their lifetime utility:

max /OOO e "u(c(t))dt
s.t. da/dt = ra(t) — c(t) with a(0) = ag > 0,
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Individual with initial wealth ag chooses a consumption path
{c(t)}+>0 to maximize their lifetime utility:

max /OOO e "u(c(t))dt
s.t. da/dt = ra(t) — c(t) with a(0) = ag > 0,

u(+): utility function, p: discount factor, r: interest rate.
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Individual with initial wealth ag chooses a consumption path
{c(t)}+>0 to maximize their lifetime utility:

(©,9)
max/ e "u(c(t))dt
0
s.t. da/dt = ra(t) — c(t) with a(0) = ag > 0,
u(+): utility function, p: discount factor, r: interest rate.
The ‘constraint’ above is in the form of a (linear) differential equation

14



Euclidean Spaces



n-vector: for any n-tuple of (real) numbers xi, - - - x,

X = (x1, X2, ...,%,) € R"
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For two n-vectors X, vy,

X:':y:: (le:yl,XQZl:yQ,"‘ ,an:yn)
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For any n-vector x and for any scalar k € R

kx := (kxy, kxo, - -+, kx;)
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The inner product of two n-vectors X, vy,

XY :=X1y1 +t X0+ -+ Xp¥Yn
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The inner product of two n-vectors X, vy,

XY :=X1y1 +t X0+ -+ Xp¥Yn
EXAMPLE:

x =(2,3,1), y=(—4,2,1)
= X y=2x(-4)+3x2+1x1=-1

18



The Vector Norm/Length: for any n-vector x

IX|| = VX x = (xF + 53 + -+ x2)7
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The Vector Norm/Length: for any n-vector x

IX|| = VX x = (xF + 53 + -+ x2)7

Triangle inequality
Ix + yll <[]l + llyll
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The Vector Norm/Length: for any n-vector x

x| = vVx - x=0E+x2+ - +x°)2

Triangle inequality
Ix + yll <[]l + llyll

Cauchy-Schwarz inequality

-yl < x|yl

19



n

Loss function L(b,x,y) := Z(}/i - in)2

i=1

where b € R, x,y € R" and x # 0.
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n

Loss function L(b,x,y) := Z(}/i - in)2

i=1

where b € R, x,y € R" and x # 0.

vector-norm representation L(b,x,y) = ||y — bx|[?
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n

Loss function L(b,x,y) := Z(y,- — bx;)?
i=1
where b € R, x,y € R" and x # 0.

vector-norm representation L(b,x,y) = ||y — bx|[?

Find b that minimizes the loss function L(b, x,y).
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n

Loss function L(b,x,y) := Z(}/i - in)2

i=1

where b € R, x,y € R" and x # 0.
vector-norm representation L(b,x,y) = ||y — bx|[?

Find b that minimizes the loss function L(b, x,y).

Tutorial 1 Question 1. (Also solved in the textbook reading

asssigned).

20



Theorem: The angle (6) between two n-vectors x, y satisfies

X'y
cos(0) =
6) = Tyl
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Theorem: The angle (6) between two n-vectors x, y satisfies

X'y
cos(f) =
6) = Tyl

Two n-vectors x,y orthogonal (denoted x L y) if

x-y=0

21



Hyperplane passing through a € R"” and orthogonal to some
nonzero vector p € R” (p is called the normal vector)

xeR"|p-(x—a)=0}
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Hyperplane passing through a € R"” and orthogonal to some
nonzero vector p € R” (p is called the normal vector)

xeR"|p-(x—a)=0}

EXAMPLE: budget constraint in pure exchange economy

P1X1 + P2X2 + -+ 4 PpXp = P1Wi + P1W2 + - -+ PpWy
p-(x—w)=0

22



Matrices and Linear
Systems



Matrix A is an m X n rectangular array of (real) numbers

dil1 d12 cc din

dp1 d2 -+ d2p
A= _ o _ e RMx"

dml dm2 " dmn
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Matrix A is an m X n rectangular array of (real) numbers

dil1 d12 cc din
dp1 d2 -+ d2p

A= _ o _ c R™"
dml dm2 " dmn

Sometimes written (ajj)mxn Where aj; is element from row i, column j.
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Matrix A is an m X n rectangular array of (real) numbers

di1 412 -+ din
d>1 dp2 -+ dop

A= _ o _ e R™x"
dml dm2 " dmn

Sometimes written (ajj)mxn Where aj; is element from row i, column j.

A is a square matrix if m = n
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Matrix A is an m X n rectangular array of (real) numbers

di1 412 -+ din
d>1 dp2 -+ dop

A= _ o _ e R™x"
dml dm2 " dmn

Sometimes written (ajj)mxn Where aj; is element from row i, column j.
A is a square matrix if m = n

AT := (@ji)nxm is the transpose of A

23



Addition/Subtraction for any A := (ajj)mxn, B := (bjj)mxn

A+ B = (a,-j + bij)mxn
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Addition/Subtraction for any A := (ajj)mxn, B := (bjj)mxn

A+ B := (a,-j + bij)mxn

Scalar Multiplication for any A := (ajj)mxn, k € R

kA = (Kaj)mxn

24



Matrix Multiplication for any A := (3;)mxn, B := (bj)nxp

AB = (Cij)mxp with Cij = Z a,-,b,j
r=1
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Matrix Multiplication for any A := (aj)mxn, B := (bjj)nxp

AB = (Cij)mxp with Cij = Z a,-,b,j
r=1

AB is an m x p matrix where each element is the inner product of
the corresponding row of A and the corresponding column of B
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Matrix Multiplication for any A := (3;)mxn, B := (bj)nxp

AB = (Cij)mxp with Cij = Z a,-,b,j
r=1

AB is an m x p matrix where each element is the inner product of
the corresponding row of A and the corresponding column of B

EXAMPLE

= (55)e-(52) (5 2)

25



Matrix Multiplication for any A := (aj)mxn, B := (bjj)nxp

AB = (Cij)mxp with Cij = Z a,-,b,j
r=1

AB is an m x p matrix where each element is the inner product of
the corresponding row of A and the corresponding column of B

EXAMPLE

A= 21 , B = L3 AB = 20 , BA =7
03 0 -1 0 -3

25



Identity matrix often denoted /

10 --- 0
1 ...
g || B8
00 - 1

nxn

26



Identity matrix often denoted /

10 --- 0
1 ... 0
o || U0
00 - 1

nxn

Diagonal matrix - A with a; = 0 for all / # j, often written as

diag(ai1, ..., ann)
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Upper triangular matrix - A with a; = 0 for all / > j
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Upper triangular matrix - A with a; = 0 for all / > j

Lower triangular matrix - A with a; = 0 for all / <
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Upper triangular matrix - A with a; = 0 for all / > j
Lower triangular matrix - A with a; = 0 for all / <

Symmetric matrix - A= AT
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Upper triangular matrix - A with a; = 0 for all / > j
Lower triangular matrix - A with a; = 0 for all / <
Symmetric matrix - A= AT

Idempotent matrix - A2 = A
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Upper triangular matrix - A with a; = 0 for all / > j
Lower triangular matrix - A with a; = 0 for all / <
Symmetric matrix - A= AT

Idempotent matrix - A2 = A

Orthogonal matrix - AAT = ATA=|

27



The vectors a*, a°,--- ,a" in R™ are linearly dependent if there

exist real numbers ¢, ¢, - - - , ¢,, not all zero, such that

aa'+oa’+---+ca"=0.
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The vectors a*, a°,--- ,a" in R™ are linearly dependent if there

exist real numbers ¢, ¢, - - - , ¢,, not all zero, such that

aa'+oa’+---+ca"=0.

Otherwise they are linearly independent.
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The vectors a*, a°,--- ,a" in R™ are linearly dependent if there

exist real numbers ¢, ¢, - - - , ¢,, not all zero, such that

aa'+oa’+---+ca"=0.

Otherwise they are linearly independent.

cial + ca’ + -+ -+ c,a" is called a linear combination of

31,32,'°',an

28



The rank of a general n x m matrix A, is the maximum number of
linearly independent column (row) vectors in A.
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Perform elementary transformations to determine number of linearly
dependent columns
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The rank of a general n x m matrix A, is the maximum number of

linearly independent column (row) vectors in A.

Perform elementary transformations to determine number of linearly
dependent columns

Elementary transformations do not affect the rank

Interchanging two rows
Multiplying one row by a scalar «

Adding scalar multiplication of one row to another

29



The rank of a general n x m matrix A, is the maximum number of

linearly independent column (row) vectors in A.

Perform elementary transformations to determine number of linearly
dependent columns

Elementary transformations do not affect the rank

Interchanging two rows
Multiplying one row by a scalar «
Adding scalar multiplication of one row to another

The process is sometimes called Gaussian elimination

29



AN — O

oM o <

N M ™M

1
2
1

Find the rank of (

30



1
Find the rank of | 2
1

w w N
> 00w
clo= N

Adding (—2) times the first row to the second row and (—1) times the first row to the third row

1 2 3 2 1 2 3 2
2351|—-|0 -1 -1 -3
1 3 45 0 1 1 B
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1
Find the rank of | 2
1

w w N
> 00w
clo= N

Adding (—2) times the first row to the second row and (—1) times the first row to the third row

1 2 3 2 1 2 3 2
235 1|—-|0 -1 -1 -3
1 3 45 0 1 1 3
Adding the second row to the third row
1 2 3 2 1 2 3 2

0 -1 -1 -3 |—-|0 -1 -1 -3
0 1 1 3 0o 0 0 O

30



1
Find the rank of | 2
1

w w N
> 00w
clo= N

Adding (—2) times the first row to the second row and (—1) times the first row to the third row

1 2 3 2 1 2 3 2
235 1|—-|0 -1 -1 -3
1 3 45 0 1 1 3
Adding the second row to the third row
1 2 3 2 1 2 3 2
0 -1 -1 -3 |—+|0 -1 -1 -3
0 1 1 3 0 0 0 O

Exists one linearly dependent combination of columns. Hence the rank is 2

30



|(3ij)2><2| = di11d22 — da214d12

31



The determinant of a (square) matrix A := (a;)nxn
|A| := a1 when n =1,

|A| ::Za,-jA,-j, Vi=1,...,n when n>1,
j=1

Ajj is determinant of the submatrix of A with i-th row & j-th column
deleted (multiplied by (—1)"™).

32



The determinant of a (square) matrix A := (a;)nxn
|A| := a1 when n =1,

|A| ::Za,-jA,-j, Vi=1,...,n when n>1,
j=1

Ajj is determinant of the submatrix of A with i-th row & j-th column
deleted (multiplied by (—1)"™).

Ajj is the co-factor of aj; in the expansion of |A| above

32



Compute the determinant of A := 3 2 -1

33



-2 0 1

Compute the determinant of A := 3 2 -1
1 -4 4
Choose (for instance) the first row of A to start the computation:
2 -1 3 -1
Al = 1)+ (—9). —_1)+2.p.
A= (DM S T D -
3 2
-1 1+3 | 1-

+(=1) 1 _a

33



-2 0 1

Compute the determinant of A := 3 2 -1
1 -4 4
Choose (for instance) the first row of A to start the computation:
2 -1 3 -1
Al = 1)+ (—9). —_1)+2.p.
A= (DM S T D -
3 2
-1 1+3 | 1-
+(=1) 1 —4
2 -1 3 2
= =2
(=2) —4 4 * 1 —4

33



-2 0 1

Compute the determinant of A := 3 2 -1
1 -4 4
Choose (for instance) the first row of A to start the computation:
2 -1 3 -1
Al = 1)+ (—9). —_1)+2.p.
A= (DM S T D -
3 2
-1 1+3 | 1-
+(=1) 1 —4
2 -1 3 2
= =2
(=2) —4 4 * 1 —4
‘ 2 1 =2-4—(-1)(—4)=4,
—4
2
3 =3.(—4)—2-1=-14
1 —4

33



A (square) matrix A has an inverse A1 if A7 1A = AAT! = |
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A (square) matrix A has an inverse A1 if A7 1A = AAT! = |

When is a matrix A invertible?
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A (square) matrix A has an inverse A1 if A7 1A = AAT! = |

When is a matrix A invertible?

When the determinant of A is nonzero, |A| # 0
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A (square) matrix A has an inverse A1 if A7 1A = AAT! = |
When is a matrix A invertible?

When the determinant of A is nonzero, |A| # 0

Home to find the inverse of a matrix A?

At

— Wadj(A), where adj(A) = (3;)

nxn with aj ‘= Aj,‘

34



A (square) matrix A has an inverse A1 if A7 1A = AAT! = |
When is a matrix A invertible?

When the determinant of A is nonzero, |A| # 0
Home to find the inverse of a matrix A?

1
— Wadj(A), where adj(A) = (3;)

-1
exampLe: |2 P) -1 A
c d ad —cb\ —c 3

_1 1 = ® — .
A o, With 3 = Aj;

34



To solve a linear system of n equations and n unknowns:

axy + apxo + - - + ainx, = by

ax Xy + anxo + -+ + aXx, = by

ap1X1 + appXp + -+ -+ + appXp = bn
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To solve a linear system of n equations and n unknowns:

axy + apxo + - - + ainx, = by

ax Xy + anxo + -+ + aXx, = by

Ap1X1 + apXp + -+ + appXn = bn
Can be expressed equivalently: Ax = b
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To solve a linear system of n equations and n unknowns:

axy + apxo + - - + ainx, = by

ax Xy + anxo + -+ + aXx, = by

ap1X1 + appXp + -+ -+ + appXp = bn

Can be expressed equivalently: Ax = b
If Ais invertible, x = A™'b

35



When A is invertible. the solution to the system Ax = b is

36



When A is invertible. the solution to the system Ax = b is

1471

Al
the j-th column of A by b.

= for every j, where Ab is a matrix obtained from replacing

36



Solve the following linear system

2x1+x0 = 4

3X1 — X =

37



Solve the following linear system

2x1+x0 = 4
3X1 — X =
By Cramer’s Rule
4 1
1 -1 -5
X]. _= = —_— = 1

2 1 =5
3 -1

37



Solve the following linear system

2x1+x0 = 4
3X1 — X =
By Cramer’s Rule
4 1
1 -1 -5
X]. _= —_—— 1
2 1 =5
3 -1
2 4
3.1 -10
X2 —= = _= 2
2 1 -5
3 -1

37



Matrix elementary transformations

Interchanging two rows

38



Matrix elementary transformations

Interchanging two rows

Multiplying one row by a scalar «
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Matrix elementary transformations

Interchanging two rows
Multiplying one row by a scalar «

Adding scalar multiplication of one row to another
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Matrix elementary transformations

Interchanging two rows
Multiplying one row by a scalar «

Adding scalar multiplication of one row to another

Matrix multiplication equivalent to a sequence of elementary
transformations

38



Matrix elementary transformations

Interchanging two rows
Multiplying one row by a scalar «

Adding scalar multiplication of one row to another

Matrix multiplication equivalent to a sequence of elementary
transformations

A~ defined as A™1A = /.

38



Matrix elementary transformations

Interchanging two rows
Multiplying one row by a scalar «

Adding scalar multiplication of one row to another

A~1 defined as A™1A = /.

Can multiply A by successive elementary operations until it equals |.

38



1 -3
Find the i f :
ind the inverse o ( 2 0 )
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1 -3
Find the i f :
ind the inverse o ( 2 0 )

Adding (—2) times the first row to the second row

(20)-(a ) (et)-(%1)

39



1 -3
Find the i f :
ind the inverse o ( 5 0 )

Adding (—2) times the first row to the second row

(20)-(a ) (et)-(%1)

1 .
Adding = times the second row to the first row

(oo)=(oe) (%)~ (2

[y

RN -

39



Find the inverse of L = :
2 0

Adding (—2) times the first row to the second row

(20)-(a ) (et)-(%1)

1 .
Adding = times the second row to the first row

1 -3 1 0 1 0 0 %

0 6 06/ -2 1 2 1
o 1
Multiplying the second row by 5

1

10 10\ [ o0 % 0 ?

06 o1 )\ 5 1 IR

3 6

39



For k € N the power of a matrix, A* is A multiplied by itself k times.
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For k € N the power of a matrix, A* is A multiplied by itself k times.

If A= diag(ai1,...,ann), then A* = diag(a¥,..., ak)

nn
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For k € N the power of a matrix, A* is A multiplied by itself k times.
If A= diag(ai1,...,ann), then A* = diag(a¥,..., ak)

nn

What if A is not diagonal?

40



A square matrix A is diagonalizable if there exist an invertible
matrix P and a diagonal matrix D such that

P'AP =D.

41



A square matrix A is diagonalizable if there exist an invertible
matrix P and a diagonal matrix D such that

P'AP =D.

If Ais diagonalizable, then P~1AKP = DK = A = pp¥p~!

41



A square matrix A is diagonalizable if there exist an invertible
matrix P and a diagonal matrix D such that

P'AP =D.

If Ais diagonalizable, then P~1AKP = DK = A = pp¥p~!

P and D closely related eigenvalues and eigenvectors

41



A scalar A is an eigenvalue of a square matrix A if there is a

nonzero vector x such that

Ax = \x.

42



A scalar A is an eigenvalue of a square matrix A if there is a

nonzero vector x such that

Ax = \x.

Then x is an eigenvector of A (associated with \).
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A scalar A is an eigenvalue of a square matrix A if there is a
nonzero vector x such that

Ax = \x.

Then x is an eigenvector of A (associated with \).

Note that eigenvectors sustain scalar multiplication
Ax = Ax = A(ax) = Max)

42



Eigenvalues of square matrix A are the roots of the characteristic
equation of A

ail— A  a - ain

—\ - N
A-M|=| T g

dnl an? ©++ dpp — A

43



Eigenvalues of square matrix A are the roots of the characteristic

equation of A

ain— A app - ain
al ap—A - azn
|A — )\/‘ — _ _ _ _ =0
dni dn2 co+ dpn — )\

Note that eigenvalues can be complex numbers

43



5 —6 —6
Find the eigenvaluesof | —1 4 2
3 —6 —4
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5 —6 —6
Find the eigenvaluesof | —1 4 2
3 —6 —4

The characteristic equation is

5—-\ -6  —6
—1 4-X 2 = —(A=22*\N-1)=0
3 -6 —4-)\

44



5 —6 —6
Find the eigenvaluesof | —1 4 2
3 —6 —4

The characteristic equation is
5—-\ -6 —6
—1 4-X 2 = —(A=22*\N-1)=0
3 —6 —4-)\

Hence eigenvalues are A\; = 1 and A\y(= A3) = 2

44



If Ais an n x n matrix with eigenvalues A1, Ao, --- , A\, then
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If Ais an n x n matrix with eigenvalues A1, Ao, --- , A\, then

[ =145
i=1
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If Ais an n x n matrix with eigenvalues A1, Ao, --- , A\, then

[ =145
i=1

zn:)\,' = tr(A) = ia,‘,‘.
i=1 i=1

45



Find eigenvector(s) for each eigenvalue A solving Ax = A\x

46



Find eigenvector(s) for each eigenvalue A solving Ax = Ax

There may be multiple linearly independent eigenvectors associate with the same eigenvalue(s)
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Find eigenvector(s) for each eigenvalue A solving Ax = Ax

There may be multiple linearly independent eigenvectors associate with the same eigenvalue(s)

5 —6 —6 X1 X1
ForA=1Ax=x< | -1 4 2 X0 X0
3 —6 —4 X3 X3

46



Find eigenvector(s) for each eigenvalue A solving Ax = Ax

There may be multiple linearly independent eigenvectors associate with the same eigenvalue(s)

5 —6 —6 X1 X1
ForA=1Ax=x<| -1 4 2 x | =1 x
3 —6 —4 X3 X3

5 —6 —6 X1 2x

A=2 Ax =2x & -1 4 2 Xo = 2Xo

~ ~

3 —6 —4 X3 2X3

46



Rewrite the systems (to make right-hand sides all 0):

47



Rewrite the systems (to make right-hand sides all 0):

dx;1 —6x0 —b6x3 =0
_X1+3X2+2X3:0 — X1 :X3:_3X2
3x1 —6xo —5x3 =0

47



Rewrite the systems (to make right-hand sides all 0):

dx;1 —6x0 —b6x3 =0
_X1+3X2+2X3:0 — X1 :X3:_3X2
3x1 —6xo —5x3 =0

3x1 —6x2 —6x3 =0

X1 +2%+2x3=0 = x3 = 2()?2 +)?3)
3x1 —6x —6x3 =0

47



Rewrite the systems (to make right-hand sides all 0):

dx;1 —6x0 —b6x3 =0
_X1+3X2+2X3:0 — X1 :X3:_3X2
3x1 —6xo —5x3 =0

3x1 —6xp —6x3 =0
X1 +2%+2x3=0 = x3 = 2()?2 +)?3)
3x1 —6x —6x3 =0

3

Eigenvectors with A\=1are x=a | —1 | with a #0;
3

47



Rewrite the systems (to make right-hand sides all 0):

dx;1 —6x0 —b6x3 =0
_X1+3X2+2X3:0 — X1 :X3:_3X2
3x1 —6xo —5x3 =0

3x1 —6xp —6x3 =0
X1 +2%+2x3=0 = x3 = 2()?2 +)?3)
3x1 —6x —6x3 =0

3
Eigenvectors with A\=1are x=a | —1 | with a #0;
3
2 2
Eigenvectors with A\=2arex=«a | 1 |+ | 0 | with a,f not both equal to 0
0 1

47



An n X n matrix A is diagonizable if and only if it has a set of n

linearly independent eigenvectors xt x%, ..., x", where
P AP = diag(\1, Mo, ..., \n),
where P is the matrix with x%, x2,--- , x" as its columns, and

A1, Ag, ..., A, are the corresponding eigenvalues.

48



An n X n matrix A is diagonizable if and only if it has a set of n

linearly independent eigenvectors xt x%, ..., x", where

P AP = diag(\1, Mo, ..., \n),

2

where P is the matrix with x%, x2,--- , x" as its columns, and

A1, Ag, ..., A, are the corresponding eigenvalues.

In the previous example, we can find that

-1 2 2 5 -6 —6 3 22
-1 3 2 -1 4 2 -1 10
3 -6 -5 3 -6 —4 3 01

— diag(1,2,2)
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If an n X n matrix A is symmetric, then:
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All eigenvalues A1, Ay, ..., A\, are real numbers;
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Eigenvectors associated with different eigenvalues are orthogonal;
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If an n X n matrix A is symmetric, then:

All eigenvalues A1, Ay, ..., A\, are real numbers;
Eigenvectors associated with different eigenvalues are orthogonal;

A can be diagonalized by an orthogonal matrix P with columns as
eigenvectors of unit length.
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—1 with

Ao =
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Quadratic Forms



A quadratic form @ of some n-vector x can be expressed in the

form
n n

Q(x) :== Z Z ajixixj = xTAx,

i=1 j=1

for some A, the symmetric matrix associated with Q.
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Q(x) = 3x7 + 6x1x3 + X5 — 4xox3 + 82
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Q(x) = 3x7 + 6x1x3 + X5 — 4xox3 + 82
Rewrite Q(x) as
Q(x) = 3x7 + 0xpx0 + 3x1x3
+0x0x1 + X22 — 2X0X3

+3x3x1 — 2X3X> + 8X§
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Q(x) = 3x7 + 6x1x3 + X5 — 4xox3 + 82

Rewrite Q(x) as
Q(x) = 3x7 + 0xpx0 + 3x1x3
—|‘0X2X1 + X22 — 2X2X3

+3x3x1 — 2X3X> + 8X§

Hence the associated symmetric matrix is
3 0 3

A=10 1 =2

3 -2 38
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A quadratic form Q,with norm A, is positive definite, positive
semidefinite, negative definite, or negative semidefinite
accordingly if

Q(x) >0, Q(x) >0, Q(x) <0, Q(x) <0,

for all x # 0. Q (as well as A) is indefinite if Q(x) > 0 for some x
and Q(y) < 0 for some y.
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Two common methods to determine definitness of a quadratic form

Using eigenvalues of A
Using principal minor of A
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Two common methods to determine definitness of a quadratic form

Using eigenvalues of A
Using principal minor of A

Principal minors often preferred, especially when eigenvalues cannot be explicitly solved
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Two common methods to determine definitness of a quadratic form

Using eigenvalues of A
Using principal minor of A

Principal minors often preferred, especially when eigenvalues cannot be explicitly solved

Notion of definiteness important role in determining
concavity/convexity of a multivariate function
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Notion of definiteness important role in determining
concavity/convexity of a multivariate function
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Two common methods to determine definitness of a quadratic form

Using eigenvalues of A
Using principal minor of A

Principal minors often preferred, especially when eigenvalues cannot be explicitly solved

Notion of definiteness important role in determining
concavity/convexity of a multivariate function

Likewise important for determining properties of solutions to optimization problems
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Let A be a symmetric matrix with real eigenvalues. Then:
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Let A be a symmetric matrix with real eigenvalues. Then:

A is positive definite < all eigenvalues are strictly positive;
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A is positive semidefinite < all eigenvalues are nonnegative;
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Let A be a symmetric matrix with real eigenvalues. Then:

A is positive definite < all eigenvalues are strictly positive;

A is positive semidefinite < all eigenvalues are nonnegative;
A is negative definite < all eigenvalues are strictly negative;
A is negative semidefinite < all eigenvalues are nonpositive;

A is indefinite < both positive and negative eigenvalues exist.
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Let A be a symmetric matrix with real eigenvalues. Then:

A is positive definite < all eigenvalues are strictly positive;

A is positive semidefinite < all eigenvalues are nonnegative;
A is negative definite < all eigenvalues are strictly negative;
A is negative semidefinite < all eigenvalues are nonpositive;

A is indefinite < both positive and negative eigenvalues exist.

Can prove using diagonalisation of A

xTAx = xT(PDPT)x = y™D y = ) Ay}, with y = PTx

i=1
55



Q(x) = —xi + 6x1x0 — 9x3 — 2x3

56



Q(x) = —x12 + 6x1X0 — 9x22 — 2x32
-1 3 0
Find the associated matrix: A = 3 -9 0

0 0 -2
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Q(x) = —x12 + 6x1X0 — 9x22 — 2x32

-1 3 0

Find the associated matrix: A = 3 -9 0
0O 0 -2

Solve the characteristic equation:
A= X|=-AA+2)(A+10)=0
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Q(x) = —x12 + 6x1X0 — 9x22 — 2x32

-1 3 0

Find the associated matrix: A = 3 -9 0
0O 0 -2

Solve the characteristic equation:
A= X|=-AA+2)(A+10)=0

Eigenvalues are 0, —2, —10, hence A is negative semidefinite. 5



Principal minors of matrix A are the determinants of submatrices
obtained by deleting the same rows and columns of A
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submatrices obtained by deleting the /ast row(s) and column(s) of A
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(Leading) principal minors are of order r if the corresponding
submatrices have r rows and r columns
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Principal minors of matrix A are the determinants of submatrices

obtained by deleting the same rows and columns of A

Leading principal minors of matrix A are the determinants of
submatrices obtained by deleting the /ast row(s) and column(s) of A

(Leading) principal minors are of order r if the corresponding
submatrices have r rows and r columns

The original matrix itself is also a (leading) principal minor (of order n)

57



Let Dy be the leading principal minor of order k of a symmetric
matrix A, and Dy be an arbitrary principal minor of order k. Then:
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Let Dy be the leading principal minor of order k of a symmetric
matrix A, and Dy be an arbitrary principal minor of order k. Then:

A is positive definite < D, > 0 for all k;
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Let Dy be the leading principal minor of order k of a symmetric
matrix A, and Dy be an arbitrary principal minor of order k. Then:

A is positive definite < D, > 0 for all k;

A is positive semidefinite < every Dy, > 0 for all k;
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Let Dy be the leading principal minor of order k of a symmetric
matrix A, and Dy be an arbitrary principal minor of order k. Then:

A is positive definite < D, > 0 for all k;
A is positive semidefinite < every Dy, > 0 for all k;

A is negative definite < (—1)*D; > 0 for all k;
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Let Dy be the leading principal minor of order k of a symmetric
matrix A, and Dy be an arbitrary principal minor of order k. Then:

A is positive definite < D, > 0 for all k;
A is positive semidefinite < every Dy > 0 for all k;
A is negative definite < (—1)*D; > 0 for all k;

A is negative semidefinite < every (—1)¥Dy > 0 for all k.
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3 0 3
Determine the definitenessof A:=| 0 1 =2
3 -2 8
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3 0 3
Determine the definitenessof A:=| 0 1 =2
3 -2 8

Compute the leading principal minors of A:

D; =3,D;=3,D; =3
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3 0 3
Determine the definitenessof A:=| 0 1 =2
3 -2 8

Compute the leading principal minors of A:

D; =3,D;=3,D; =3

Hence A is positive definite

59



SHSS Chapter 1 (not subsections 1.8 and 1.9). Do not need to be able to prove Theorem
1.41, 1.42, 1.62. You should be familiar with and comfortable using these theorems to solve
problems (as with most other theorems and definitions in this module unless stated otherwise).
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SB Chapter 7 (not subsection 7.5) Solving linear systems. (Do not need to be able to prove
any of the facts, though should be able to use these in practice).
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Theorems 8.3, 8.4, 8.9, 8.10, 8.11,8.12). The remaining proofs are fundamental and highlight the
key properties of matrices. Those you are not expected to be able to prove are also important
and you should understand these theorems and be able to use these results.)
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SB Chapter 8 (not subsections 8.5-8.7). Matrix Algebra. (Do not need to be able to prove
Theorems 8.3, 8.4, 8.9, 8.10, 8.11,8.12). The remaining proofs are fundamental and highlight the
key properties of matrices. Those you are not expected to be able to prove are also important
and you should understand these theorems and be able to use these results.)

SB Chapter 9: Determinants (do not need to be able to prove any results, though should be
able to use them).
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SHSS Chapter 1 (not subsections 1.8 and 1.9). Do not need to be able to prove Theorem
1.41, 1.42, 1.62. You should be familiar with and comfortable using these theorems to solve
problems (as with most other theorems and definitions in this module unless stated otherwise).

SB Chapter 7 (not subsection 7.5) Solving linear systems. (Do not need to be able to prove
any of the facts, though should be able to use these in practice).

SB Chapter 8 (not subsections 8.5-8.7). Matrix Algebra. (Do not need to be able to prove
Theorems 8.3, 8.4, 8.9, 8.10, 8.11,8.12). The remaining proofs are fundamental and highlight the
key properties of matrices. Those you are not expected to be able to prove are also important
and you should understand these theorems and be able to use these results.)

SB Chapter 9: Determinants (do not need to be able to prove any results, though should be
able to use them).

SB Chapter 10 (not subsections 10.5-10.7) Euclidean Spaces. (Do not need to be able to
prove any of the theorems, though should know the result.)
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