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Outline of today's lecture

System Modeling (Topic 4)

@ Motivation

@ VAR models

@ vector white noise

@ basic framework of VAR models
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So far in course have considered univariate time series models, e.g.
AR(1)
Yt = Qyi-1 + &r

Now consider time series models for vector processes, such as
bivariate Vector Autoregressive (VAR) model of order 1,

y: =Pyi1 + &t

where now
Yi,t $11 P12 €1,t
— ) q) — ) ) e — )
ye [ Yot ]’ [ 21 P22 ]’ t [ €2t ]
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Note:

@ in both models y; depends on its lagged value and error

@ in VAR, we have

Yit = O11Y1,6-1 + P12Y26-1 + €1t

Yo = $21Y1,t-1 + @22Y24-1 + €2t

= y1,t, say, depends on y; ;1 and yo ;1.
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VAR models introduced by Christopher Sims in 1980 paper entitled
“Macroeconomics and Reality”, and have become very popular in
macroeconometrics.

VARs are an example of systems modeling.

Systems modeling is both important in econometrics and also
crucial to development of the subject.

So we start by describing how VAR's fit into evolution of ideas
about systems modeling in econometrics.
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Background: the Great Depression in the 1930's and economic
theories of the business cycle.

Jan Tinbergen:

@ 1937: model of the Dutch economy, system of 16 equations +
some accounting identities (31 variables).

@ 1939: model for the US macroeconomy, system of 48
equations (71 variables)

@ awarded the inaugural Nobel prize in economics in 1969, (with
Ragnar Frisch)
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Alfred Cowles was investment counsellor who realized he did not
understand US macroeconomy following 1929 Wall Street Crash.

Cowles Commission for Research in Economics:

@ started in Colorado Springs (1932), moved to University of
Chicago (1939), moved to Yale University (1950)

@ made fundamental contributions to the statistical theory for
systems of linear equations

@ 1950's-1960's: Lawrence Klein developed ever more
sophisticated econometric models of the US macroeconomy.
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Klein's Model 1:

G = ao + arPr + aaPi1 + as(WP + WE) + Uit

It = Bo+ B1Pr + BoPro1 + BaKio1 + uo
th = v + Xt + 72Xe—1 + 1BA: + U3

Xe = G+ It + G

P. = Xe — T¢ — WP

Ki = Kio1 + I;

where: C; = consumption, /; = investment, W} = private wages,
X; = total output, P; = private profits, K; =capital stock, G; =
government non-wage expenditure, Ty = indirect business taxes
plus net exports, W# = government wage expenditure, A; =a time
trend
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To understand the interpretation of these models, note variables
divided into three categories:

@ endogenous variables: C;, Iy, WF, Py, X; and K.
@ predetermined variables: Ky_1, Py_1 and X;_1.

@ exogenous variables: Gy, T;, W§ and A;.

Klein's model | is a linear simultaneous equations model (LSEM).

Estimation of LSEM depends crucially on the division of variables
into these categories. — Sims motivation for VAR's.
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Linear Simultaneous Equation Models

Yiit + Biyoe = yixie + Yoxor + Uy
Bayit + Yo,r = Y3x1e + Uy

® y: = (y1,t, ¥2,t)’ ~ endogenous variables
, .

® X = (x1,t, X2,t)’ ~ exogenous variables

® u; = (U1, Up) ~ error terms

@ parameters are (01, 82,71, 72, 73)

This is known as the structural form of system.
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Linear Simultaneous Equation Models

Another important representation of system is known as the
reduced form.

To obtain the reduced form, rewrite the structural form in matrix
notation as:

By: = I'x¢ + ut
1 b [ 7172 ]
B = , r = .
[ B 1 ] v 0
Assume B is nonsingular =

Y = B_lrxt + B_lut,

= [Ix¢ + vq, say.

which is the reduced form.



Linear Simultaneous Equation Models

Fundamental question: can we estimate B, I from a sample
/ Aty
{ytv xt}'

Answer: depends on the mapping from reduced form parameters to
the structural form parameters 1= BT

Cowles Commission called this issue of identification and devised
rules for checking if estimation is possible. These depend on:

@ number of exogenous variables in system

@ exclusion restrictions
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Critiques of LSEM of macroeconomy

Klein's models worked well in 1950’s - 1960’s but started to break
down in 1970’s.

Economists and econometricians became critical of this approach:

@ Robert Lucas (1976) “Policy critique”: parameters of LSEM
are functions of economic environment and so cannot be
assumed constant when model used for economic policy
analysis.

@ Sims (1980): identification never holds, instead use models for
large blocks of equations (for sectors of economy) and in
blocks all variables endogenous and each depends on past of
all others = VAR(p) model for k x 1 vector y;:

Ye =O1Y¥r-1 + O2yr 2 + ... + Opyrp + &t
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Structural VARs

Popularity of Sim's methods — Structural VAR (SVAR) model:

Voy: = Viyi—1 + Voyr o + ... + Vpyrp + u;

Example: simple New Keynesian macroeconomic model,

Vi = PBiiVe-1 + Biome + Prare—1 + Uy
T = [oame—1 + Bopfr + Bo3re + PBoari—1 + U
re = [are—1 + B32i-1 + B33 + Uz

where y; is output gap, m; is the inflation rate, r; is the short-term
interest rate (intercepts omitted)
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Structural VARs

This is SVAR with P =1 and

Vi uyt
Yyt = Tt ) u = up ¢ )
re uz ¢
1 —f2 O B 0 P13
Vo = | —foo 1 —Ba3z |, V; = 0 fBo1 Boas
0 —f33 1 B2 0 P31

But same identification issues occur in SVAR as in LSEM.

But can gain important insights about dynamic relationship of
variables from (reduced form) VAR models so these will be our
primary focus in this course.
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VAR Analysis

@ Many univariate concepts extend to VAR
@ Stationarity is crucial, as for AR
@ Need to extend concept of white noise to define VAR

@ Representations of VAR important
o Have vector MA (VMA) representation

o But also other forms
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First two moments of random vectors

Let y; be k x 1 random vector with i element Vit
Mean: Ely:]

@ is k x 1 vector with it" element Elyi+l;
Variance-covariance matrix: Var|y]

@ is a k x k matrix with (i, /)™ element Covly; , yj.tl;

o diagonal elements are variances of y; ; for i = 1,2,...k;
Autocovariance matrices: Covly;, ys|

o (i,j)™ element Covlyit, ¥js)
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Variance-Covariance Matrices

Using E[-], we can define: Var[y;] = E[y: — E(y:)]ly: — E(y:)]

For bivariate case

yi,e — E(yie)
Varly:] = E [ )/2,2 _ E(ygj) ] [ yie—EWe) yae— E(y2) ]

_ [ var(y1,t) cov(yi,e, ¥o,t) ]
cov(yit, ya,t) var(y2,t)

Variance-Covariance matrix is symmetric & positive definite

@ Positive definiteness ensures variance of any linear
combination of elements is positive
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Vector White Noise

@ Disturbance ¢ in AR(p) is white noise
@ VAR(P) has vector white noise disturbance ¢;

@ Vector white noise process ¢ (k x 1) satisfies:

Ele] = 0 allt
Varle;] = X allt
Covler,el] = 0 allt&s, s#t

@ Zero auto & cross-covariances: Covlej s, ejs] =0, t # s, all i,
e But Covlejs,gj¢] = oij# 0, in general
@ Y is a positive definite covariance matrix

@ Disturbances in different equations typically correlated at t
@ But not across different time periods

ECON 30401: Lecture 5 19/26



VAR(2) Example: Lag Operator Notation

Bivariate VAR(2)

[ylt] _ [ ]+ o) o3 [y]

Yot Qa2 ¢g ¢gl2) Y2,t-1
o on [y2]+[]
221) 222) Y2,t-2 €2t
Define following matrices (& corresponding vectors)

CeY @ 40
= W [ %= B B
21 22

21 22

_|_

In matrices

ye = a+ Py 1+ Poyr o+t
(1— &1L —Dyl%)y; = a+e;
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Lag Operator Notation: VAR(P)

o VAR(P) for k x 1 y;:
Ye=a+ Py 1+ ...+ Ppyrp +er
with &; vector white noise
@ Write using lag operator as

O(L)y: = a+er
O(L) = l—&L—dyl%2— . —dpLP

@ Polynomial ®(L) captures all dynamic interactions

o Both within and across variables
@ No dynamics left in disturbances

o But contemporaneous covariances permitted: E(e:e}) = X
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VAR Stationarity Definition

@ VAR process is stationary if:

E(ye) = p allt
E(ye — 1)y, — 1)’ Mo allt
E(ye —p)(y, ,—p) = T, allt&any (=12, ..

@ Here:

o [ is the covariance matrix of y;

o [, is the autocovariance matrix at lag ¢

@ Technically definition is second-order stationarity

but we simply refer to process as stationary
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Autocovariance Matrix: Example

o With k=2

Yie — 1
M = E 0 — 0 —
¢ [yzt — 1o ] [ Yit—€¢— K1 Y2,t—¢ — K2 ]

[ E(ylt - #1)()/1,t—£ - Ml) E(Ylt - Ml)()@,t—e - ,uz)
E(yor — p2)(v1,e—e — 1) E(yoe — p2)(y2,6—¢ — p2)

Diagonal terms are autocovariances at lag ¢

Off-diagonal terms are cross-covariances at lag ¢

o Note: 'yis NOT (generally) symmetric for £ # 0
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VMA Representation for VAR(1)

@ Stationary VAR(1):
Ye=a+Pryr 1+ 6t
successively substituting on right-hand side
ye = oa+Oi{a+ Py o+er1}+er
= a(l, +P1+ 03 +.) Fer + P g+ Pler o+ .

using CD{l — 0 as j — oo (a consequence of stationarity)

o Gives vector moving average, VMA(co) representation of
VAR(1)

@ Equivalently, using lag operator:
(e =®1l)y: = a+e;
ye = (k—®1L) Ha+e}
= (lk—®1)ta+ (I, + Sl + D32+ .)e,
= W + e(L)€t
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VMA Representation for VAR(P)

@ VAR(1) generalises to VAR(P)

yi = a+®1yr a1 +...+ Ppyrpter
(D(L)yt = a+ey, q)(L):lk—¢1L—¢2L2—...—¢pLP

With stationarity, can successively substitute for lagged y; on
right-hand side

@ Equivalent to inverting VAR coefficient polynomial in L

ye = [ Ha+ed
= [®Q)] " a+ [S(L)] e
1% + e(L)€t
o Coefficients ©; (i = 1,2, ...) of VMA(o0) are functions of
VAR coefficients @1, ..., ®p
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@ Continue with VAR

@ Generalise other aspects of AR processes

@ Require VARMA representation
@ Then examine stationarity condition for VAR

o Prediction, estimation, test for residual autocorrelation, etc!
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