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Exercise Questions 2

Problem Set 2

1. Consider a bivariate (ie, two variable) VAR(1) system

Yt = α + Φ1Yt−1 + εt

where εt is vector white noise.

(a) Stationarity of VARs. Write Φ(L) = I2 − φ1L

With φ11 = 0.6, φ12 = 0.1, φ21 = −0.6, φ22 = 1.1 :

|Φ(L)| =
∣∣∣∣∣ 1− 0.6L −0.1L

0.6L 1− 1.1L

∣∣∣∣∣ = 1− 1.7L + 0.72L2

and characteristic equation

λ2 − 1.7λ + 0.72 = (λ− 0.9)(λ− 0.8)

λ1 = 0.9; λ2 = 0.8

Both roots are less than one in absolute value and hence the VAR is
stationary.

(b) From the stationary VAR , we have

E[Yt] = [Φ(1)]−1α

[
µ1

µ2

]
=

{[
1 0
0 1

]
−
[

0.6 0.1
−0.6 1.1

]}−1 [
−0.2
0.1

]

=

[
0.4 −0.1
0.6 −0.1

]−1 [
−0.2
0.1

]

=
1

0.02

[
−0.1 0.1
−0.6 0.4

] [
−0.2
0.1

]

=

[
1.5
8.0

]

(c) The infinite VMA representation is

Yt = εt + Φ1εt−1 + Φ2
1εt−2 + Φ3

1εt−3 + ...

= εt + Θ1εt−1 + Θ2εt−2 + Θ3εt−3 + ..
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Hence

Θ0 = I2

Θ1 = Φ1 =

[
0.6 0.1
−0.6 1.1

]

Θ2 = Φ2
1 =

[
0.30 0.17
−1.02 1.15

]

(d) Impulse response functions (corresponding to s = 0, 1, 2) are read from
the elements of Θs (s = 0, 1, 2)

i. The effect of a unit shock to Y1t on Y1t and Y2t : (namely εt =

(
1
0

)

and εs =

(
0
0

)
for all s 6= t. In essence we assume the process is

in equilibrium and we introduce a one unit shock to Y1t and see the
dynamic response to both Y1,t+j, Y2,t+j for j = 0, 1, 2).

Effect on Y1 : 1, 0.6, 0.30

Effect on Y2 : 0, − 0.6, − 1.02

ii. The effect of a unit shock to Y2t on Y1t and Y2t, (namely εt =

(
0
1

)

and εs =

(
0
0

)
for all s 6= t).

Effect on Y1 : 0, 0.1, 0.17

Effect on Y2 : 1, 1.1, 1.15

2. Consider a stationary AR(2) process

Yt = µ0 + φ10Yt−1 + φ20Yt−2 + εt εt
i.i.d∼ N(0, σ2) (1)

where a researcher observes a sample realisation of size T > 2, (y1, · · · , yT)

from {Yt}.

(a) Derive conditional log likelihood function for (1) conditioning on (Y1 =

y1, Y2 = y2).

We derived this for the AR(1) in Lecture 2 (Wk3). It is also covered in
Hamilton, the conditional likelihood function for any AR(p) model.

Conditioning on θ = (µ, φ1, φ2, σ2) (being the true parameter) then,
Yt|Yt−1 = yt−1, Yt−2 = yt−2 is distributed N(µ + φ1yt−1 + φ2yt−2, σ2) since
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εt
i.i.d∼ N(0, σ2) hence is independently distributed of Yt−2 and Yt−1, both

being functions of shocks prior to time period t.

The conditional likelihood function in this case is

fYT ,··· ,Y3|Y2,Y1
(yT , · · · , y1|θ) =

T

∏
t=3

fYt |Yt−2,Yt−1
(yt|yt−1; θ) =

T

∏
t=3

1√
2πσ2

exp
(
− (yt − µ− φ1yt−1 − φ2yt−2)

2

2σ2

)
where the second inequality holds noting that

Yt|Yt−1 = yt−1, Yt−2 = yt−2 is distributed N(µ + φ1yt−1 + φ2yt−2, σ2)

for all t = 3, · · · , T [We must start at time period 3 as Yt depends on the
outcomes of the last two periods.]

ln( fYT ,··· ,Y3|Y2,Y1
(yT , · · · , y1|θ) = − T−2

2 (ln(2π) + ln(σ2)− 1
2σ2 ∑T

t=3(yt − µ−
φ1yt−1 − φ2yt−2)

2

(b) The ML estimator maximises the log likelihood function. We can see
the maximiser for µ, φ1 is the one which minimises − 1

2σ2 ∑T
t=3(yt −

µ − φ1yt−1)
2, hence the same as the maximiser of the sum of squared

residuals. Hence the ML estimator is equivalent to OLS in this instance.
Normality of errors is not needed to ensure the OLS estimator is consis-
tent, hence establishing that the ML estimator isn’t inconsistent in this
example.

3. Consider an MA(1) process

Yt = µ0 + θ10εt−1 + εt εt
i.i.d∼ N(0, σ2) (2)

where a researcher observes a sample realisation of size T, (y1, · · · , yT) from
{Yt}.

(a) Conditional likelihood: fYT ,··· ,Y1|ε0=0(yT , · · · , y1, ; θ) = fY1|ε0=0(y1; θ)
T

∏
t=2

fYt |Yt−1,··· ,Y1,ε0=0(yt|yt−1, · · · , y1; θ)

Conditional on ε0 = 0 can express realised shocks εt as function of
(yt−1, · · · , y1)

ε1 = y1 − α [Y1 = y1]

ε2 = y2 − α− θ1ε1 [Y1 = y1, Y2 = y2]
...

εT = yT − α− θ1εT−1 [Y1 = y1, · · · , YT = yT]

Y1|ε0 = 0 ∼ N(α, σ2) (Yt|Yt−1 = yt−1, · · ·Y1 = y1, ε0 = 0) same

distribution as (Yt|εt−1) for t = 2, .., T

i.e. (Yt|Yt−1 = yt−1, · · · , Y1 = y1, ε0 = 0) ∼ N(α + θ1εt−1, σ2)
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Hence we can put this together to find the likelihood function as
1√
2σ2 exp(− 1

2σ2 (yt − α)2)∏T
t=2

1√
2σ2 exp(− 1

2σ2 (yt − α − θ1εt−1)) where
εt for t = 2, · · · , T are calculated using the recursion above and are a
function observed data and the parameters. Then take logarithms to find
the log-likelihood. [Check Hamilton, pp. 127-128 who runs through the
derivation of the conditional MA(1) log likelihood function]

(b) If the true θ1 is bigger than 1 (in absolute value) then conditioning on
ε0 is not innocuous (for large sample sizes). Note that we derived εt as

a function of the observable data, noting that εt = yt − µ − θ1εt−1 and
starting at ε0 = 0. This is an AR(1) process in εt, and we know θ1 here
must be less than 1 in absolute value or the impact of past shocks doesn’t
vanish for large sample sizes.

We can recurse the shocks back t periods and find:
εt = (yt − µ)− θ(yt−1 − µ) + θ2(yt−2 − µ)− · · ·+ (−1)tθt

1ε0

If |θ1| < 1 then (−1)tθt
1ε0 is small for t large, and conditioning on ε0 = 0

when it may not be true will have no asymptotic (large sample) impact on
the approximation of the likelihood function. This is not the case when
|θ1| > 1. In this case we can exploit invertibility of MA models and re-
write the model equivalent with a parameter 1/θ1 and variance of the
shocks θ2

1σ2

4. Derive the autocovaiance function of the VMA(∞) process

Yt = µ +
∞

∑
s=0

Θsεt−s εt ∼WN(Σ).

where Σ is k× k var-covariance matrix of εt.

Need to find Cov(Yt, Yt−k) for all values of k (the autocovariance function).
We can find the covariances for k = 1, 2, · · · then use the fact Γ(−k) = Γ(k)′

to find the covariance for lags k = −1, 2....

We also need to find for k = 0, i.e. the variance. Utilising the assumption
that εt ∼ WN(Σ) it also follows that

Var [Yt] =
∞

∑
j=0

Θ1Var(εt−j)Θ′1 =
∞

∑
j=0

Θ1ΣΘ′1

Consider the covariance at lag 1, noting that E[Yt] = E[Yt−1] = µ (show this
taking expectations of the VMA and using the fact the mean of the shocks
are all zero by WN.)

Γ(1) = E[(Yt − µ)(Yt−1 − µ)′] this is equal to

E
[
(εt + Θ1εt−1 + ...)(εt−1 + Θ1εt−2 + ...)′

]
.
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Arrange this calculation in a tabular form (in essence writing to clearly
see the common shocks in both Yt and Yt−1), placing shocks in a common
time in each column (i.e. the only shocks that are correlated due to WN
assumption of εt), as

E[( εt +Θ1εt−1 +Θ2εt−2 +... )
× ( ε′t−1 +ε′t−2Θ′1 +... )]

= Θ1E
[
εt−1ε′t−1

]
+Θ2E

[
εt−2ε′t−2

]
Θ′1 + · · ·

The final line follows using the argument that, out of all the products
εt−iεt−j for i,j whose expectation is required, only those for which i = j
will have non-zero expected value Σ, because the εt in different time periods
are uncorrelated by the WN assumption. Hence,

Γ(1) = Cov [Yt,Yt−1] =
∞

∑
j=0

Θj+1ΣΘ′j

Notice that the difference of lags between t and t− 1 (namely 1), is reflected
in the differences of the subscripts on the right hand side.

We can perform the prodecure for any k > 1, and find

Γ(k) = Cov [Yt,Yt−k] =
∞

∑
j=0

Θj+kΣΘ′j

(work through this to convince yourself, if you have any trouble with this
please email to come to my office hour or I can make an online video clip.)


