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Leftovers from previous lectures: proof of consistency of sample mean with weakly-stationary
data
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VMA(o0) Form of VAR(p)

O(L)Y,=c+e, where ®(L)= (I —®L—---—,LP)

Find A(L) = > A;L'  where A(L)®(L)=1I; = Y;=A(L)c+ A(L)e,
1=0

I, = A(L)®(L)
= (Ag+ A1 L+ AsL? - )(I, — &1L — -+ — ®,LP)

= Ao+ (A1 — Ag®1)L + (Ay — A1 @1 — §2)L° + (A3 — A1 Py — Ay®y — P3)L° + - -

Ag = I},
A1 =,
As = A1P1 + Do

J
ie. Ap=1; and A;= ZASCI)j_S forj=1,2,---
s=0
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Impulse Response Functions: Interpretation

VARs often have many coefficients & hence interactions difficult to interpret from these

Main interpretation tool is impulse response function

VAR(P) for k x 1 yy:

Yt: o+ ¢1Yt—1 + ...+ qDPYt—P+ Et
Ask what is the effect of a "shock” to one variable on all in the system

Although relevant for VAR analysis, it is useful to fix idea in AR context.



Impulse Response Functions: AR(1)

Consider stationary AR(1) process:

YVi=¢Yi1+e= Z Oiee—i, for 0; = ¢'
i=0

What is impact on path of y if e — (e + Aey)?
Let {yt, Yt+1,- ..} denote old path and {Jt, V111, ...} the new path.

in period t:
Ve = dyr—1 + et + Der = yr + Dey
in period t + 1:
Ver1 = OV + ce11 = O(ye + Dce) + er41 = Yey1 + dAey
in period t + 2:

Vrrz = OVer1 +ersa = S(Ver1 + OAer) +een = yryo + ¢° Aey .



Impulse Response Functions

In general (check for yourselves!):

Vire = Yepe + ¢£A€t = Y+t + 0Ae;

Vere — Yere = 0 Aet

If set Ae,=1
. 0 .
Vere — Yere = 0p = ();H_g, based on MA(o0) representation
€t
%;e is known as impulse response at lag /

_85/22 for £=1,2,...is known as the impulse response function



Impulse Response Functions: VAR(p)

Return to stationary VAR(P) for k x 1 yq:

oo
Yt: a + (D]_Yt_]_+ e+ ¢PYt_P+ Et= N—F Z esgt_s
s=0

Now track effects of shocks to €; ;not only on y; ; but also on path of y; ;.
The impulse response function for a unit "shock” to y; on y; is:

Wit _ os)

J fors =0,1,2,...
Oe - ijo ) Ly &y
J,t—S

where 9(,-3) is (i, /)t element of O

Note:
009 =1ifi=j, 00 =0if i #j

INE



Empirical Example: VAR Estimation of UK/US GDP Growth

Yus;t = 047“‘029}/ust 1+015}/ukt 1+uust
(6.08) (4.08) (2.34)

Yuk,t = 027+03OYUst 1+007}/ukt 1+uukt
(3.11) (3.88) (1.00)

< 065 020 ~resid __
>= [ 0.20 0.81 } = Pusuk = 0-27 7



Impulse Response Functions: UK/US GDP Growth

Response to Nonfactorized One Unit Innovations

Response of US_DY to US_DY

Response of US_DY to UK_DY
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Orthogonalised Impulse Response Functions

Conventional VAR: contemporaneous relationships in E(e;e;) = X

Impulse response functions above ignore covariances

Apply shock to individual equation (alone)
Unrealistic if £, are strongly correlated across equations

Orthogonalised impulse responses apply when “shocks” are uncorrelated

Orthogonalised impulse response function:
transform system so that new disturbances u; have

E[u.u}] = ¥, diagonal

Then "shock” for each equation is isolated 1



How to Orthogonalise?

VAR(p)
ye=a+ Py 1+ ...+ Ppy: p+es

Orthogonalised VAR, or structural VAR (SVAR):
Premultiply by matrix of constants C such that

Cy, =Ca+Chry; 1+ ...+ Copy;_p + C¢;

Aoy: = o +Aryra1+...+Apyrpt+u;

Ay = Ca"=Co,Aj=Co;(j=1,...,P), uy =Ce,

with E[u;u}] = X, diagonal
There are many matrices C that achieve this

Most popular is the Cholesky decomposition
12



Cholesky Decomposition (Example)

Fork:3, Ut:C5t2>

€1t = U1t
@1€1t + 26 = Ut

C31€1t+ C32€2t + €3+ = U3t
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Cholesky Decomposition (Example)

Fork:3, Ut:C5t2>

€1t = U1t
@1€1t + 2t = Ut

C31€1t+ C32€2t + €3+ = U3t

Regress epron e1:= Elent|e1t] = —c1e1

Residual wy; is component of e3; not correlated with €1,
= Uy is uncorrelated with u1y = e1¢

Regress €3; on 1+ & eot: Elest |e1r, €2t] = —c3161¢ — 3260t

Residual u3: is component of e3; not correlated with €1+ or 24
= uz¢ is uncorrelated with vy = €1 & oy = o181 + €2t

Sequential procedure generalises to any k .



Cholesky Decomposition: Interpretation/Assumptions

Matrix C is applied to entire VAR
not just disturbances

VAR(1) with k = 3 : Orthogonalised system has form

1 0 0 1 0 0 b11 P12 913
o1 1 0|y = o1 10 $21 P22 P23 | Yi-
a1 oo 1 a1 e 1 ¢$31 P32 P33

+a* + u;

16



Cholesky Decomposition: Interpretation/Assumptions

Matrix C is applied to entire VAR
not just disturbances

VAR(1) with k = 3 : Orthogonalised system has form

1 0 0 1 0 O $11 P12 P13
1 1 0|y = o1 1 0 21 P22 P23 | Yi-
a1 c32 1 a1 c32 1 31 P32 ¢33
+a* + u;

= contemporaneous causal ordering yit, o1, V3t

Variables ordered lower assumed not to affect those above at t
Has structural economic interpretation;
often referred to as structural VAR (SVAR)

Lag coefficients also changed by the transformation

17



Cholesky Decomposition: Interpretation/Assumptions

Different ordering of variables yields different SVAR
Hence different orthogonalised impulse response functions

Ordering not innocuous!

18



Cholesky Decomposition: Interpretation/Assumptions

Different ordering of variables yields different SVAR
Hence different orthogonalised impulse response functions

Ordering not innocuous!

Cholesky orthogonalised impulse responses assume specific
contemporaneous causal ordering

Ideally given by economic theory

19



Cholesky Decomposition:Empirical Example

Order US first in US/UK growth VAR

Response to Cholesky One S.D. Innovations
Response of US_DY to US_DY Response of US_DY to UK_DY
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Cholesky Decomposition:Empirical Example

Now order UK first in US/UK VAR

Response to Cholesky One S.D. Innovations
Response of US_DY to US_DY Response of US_DY to UK_DY
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Impulse Response Case Study




Empirical Example: How have world shocks affected the UK economy?

Chowla, Quaglietti and Rachel, “How have world shocks affected
the UK economy?”, Bank of England Quarterly Bulletin 2014 Q2

issue.

Their article analyses two issues:
how have world shocks affected the UK economy since the
onset of Financial Crisis in 20077

through what economic channels have these effects taken
place?

22



Empirical Example: How have world shocks affected the UK economy?

CQR use VAR to model y; consisting of two blocks of variables.

growth rate of world GDP
Wo_ growth rate of world prices
US interest rate spread
VIX index

growth rate of UK GDP
yuk — growth rate of CPI
Bank rate

23



Empirical Example: How have world shocks affected the UK economy?

Ordering: World then UK so that
%]
Using quarterly data 1987.Q1-2013.Q4, estimate VAR(2) model
Yi=p+ P1Yeo1 + PoYi o+ et
to obtain fitted model:

y: = [L + $1Yt—1 + &52 yi—2 + &

24



Empirical Example: How have world shocks affected the UK economy?

To construct Chart 3, CQR need to estimate what part of the
shocks {e¢ } can be attributed to world events

Assume {e; } generated from a vector of “structural’
(orthogonalized) shocks u; via:

U= C€t
where C is a lower triangular matrix associated with Cholesky

decomposition.

25



Empirical Example: How have world shocks affected the UK economy?

Due to variable ordering:

us.¢, the structural shock to UK GDP growth is the part of €5 ;
that cannot be explained by the shocks to the world variables.

ue.¢, the structural shock to UK CPI is the part of €6 ; that

cannot be explained by the world shocks or the shock to UK
GDP growth.

uz.¢, the structural shock to the UK Bank rate is the part of
€7+ that cannot be explained by the world shocks or the
shocks to UK GDP growth or UK CPI growth.

26



Empirical Example: How have world shocks affected the UK economy?

o Step 1: G, = Cép fort =1,2,...T.
*] Step 2: i:l; = [01715, 1\12715, 03715, 1\14715, 0, 0, 0]
*] Step 3: gt = C_lﬁt.
@ Step 4: Construct ¥y, via:
§e = i+ P1§e1 + P2§eo + &, t=34,...T

for y1 =y1, yo =yo.

27



Empirical Example: How have world shocks affected the UK economy?

Chart 3 Estimates of the historical impact of world
shocks on UK activity

Il WV orid shocksta)

UK SDP [(dewviation from a'uerage:':bG .
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— ) _Il|‘ I ' —_2;
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Sources: Bloomberg, Bureaw for Economic Policy Anabysis, IMF, OECD, OMS, Thomson Reuters
Diatastream and Bank caloulations.
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Main Reading

Hamilton Chapter 11.4, and 11.6 (pp. 326-33)

Luktepohl Section 2.3.2.
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