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Course Details



Module Information

Time series econometrics- tool to analyse economic time series data

Challenges faced broadly distinct to those with cross sectional data

Focus on time series theory (+ some empirical applications)

Dr Nicky Grant (Lect. 1-5) - Prof. Roderick McCrorie (Lect. 6-11)

5 tutorials (wk 3,5,7,9,11)

Office Hours:

Nicky:Thu 1-3pm (or by appointment) [F14]
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Lecture Topics

1 Stationary Univariate Time Series - ARMA Processes and Stationarity

2 Stationary Univariate Time Series - Estimation and Inference

3 Stationary Multivariate Time Series -Vector Autoregressions I

4 Stationary Multivariate Time Series - Vector Autoregressions II

5 Stationary Multivariate Time Series - Estimation & Impulse Response Functions

6 Univariate Non-stationary Time Series

7 Multivariate Time Series: Unit roots and Co-integration

8 Time Series Models of Heteroskedasticity

9 Introduction to Continuous Time Econometric Models

10 Likelihood methods for estimating continuous time models with discrete data

11 Estimating volatility in the presence of microstructure noise
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Assessment and Reading

25% Continuous Assessment

Class tests wk7 and wk11

75% Final Examination in May

3 hours to answer 3 out of 5 questions

Main Textbook:

Hamilton (1994) Time Series Analysis (H)

Lutkepohl (2005) New Introduction to Multiple Time Series (L)

Lecture notes accompany some of the course

See Course Outline and lecture materials for core/further reading
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Introduction to Time Series



Motivation

How to infer/conceptualise statistical properties of data observed over time?

e.g interest rates, unemployment, stock prices.

Model properties of time series esp. dependence over time

e.g. future interest rates on past interest rates (univariate)

e.g. future inflation on past interest rates (multivariate)

Broad differences with cross section data:

Temporal ordering

Likely dependence between observations (esp. with most economic time series data)

Focus on discrete time series in first half of course
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Time Series Process vs. Realisation

Time Series Process: {Yt: t ∈ T } for some set T

Unless stated otherwise assume T = {· · · − 2,−1, 0, 1, 2, · · · }
Let {Yt} denote {Yt : t ∈ T }

{Yt} is multivariate r.v with a joint distribution fn.

e.g. Yt is independently distributed N(0, 1) for all t ∈ T

Realisation: {yst : t ∈ T } in state s drawn from {Yt}

Sample Data: (y1, · · · , yT )′ realisation of sample size T from {Yt}
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Example: An AR(1) process

Yt = 0.5Yt−1 + εt where εt
i.i.d∼ N(0, 1)

Generate sample {yst : t = 1, · · · , T} in states s = 1, 2, 3, 4

(εs1, .., ε
s
T )
′ each element drawn independently from N(0,1) distn (s = 1, 2, 3, 4)

ys1 = 0.5ys0 + εs1 (assume ys0 = 0)

ys2 = 0.5ys1 + εs2
...

ysT−1 = 0.5ysT−2 + εsT−1

ysT = 0.5ysT−1 + εsT
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Figure 1: Source: https://fred.stlouisfed.org/series/GDP
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Figure 2: Source: https://finance.yahoo.com/quote/%5EFTSE
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Figure 3: Source: https://fred.stlouisfed.org/series/GDP
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Figure 4: Source: https://fred.stlouisfed.org/series/GBRCPIALLMINMEI
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Fundamental Statistical Definitions



Distribution of a Time Series Process

Process generating sample data {Yt : t ∈ T } for T = {1, . . . , T}

fT (y1, · · · , yT ) Joint density function of {Yt : t ∈ T }

ft(yt) Marginal density function of Yt (for t ∈ T )

(ys1, · · · , ysT )′ in state s drawn from joint distn. of {Yt : t ∈ T }

yst in state s drawn from marginal distn. of Yt

We observe one realisation, the sample data (y1, · · · , yT )′
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Moments of Time Series Process (univariate)

Definition: Population Moments of Yt

For any function g(·)

E[g(Yt)] :=
∫ ∞

−∞
g(y)ft(y)dy

The average in the population of g(Yt)

Mean of Yt E[Yt] µt :=

∫ ∞

−∞
yft(y)dy

Var of Yt E[(Yt − µt)2] Var(Yt):=

∫ ∞

−∞
(y − µt)2ft(y)dy
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Moments of Time Series Process (bivariate)

Consider T = {t1, t2} where t1 6= t2 ∈ T

Definition: Population Moments of (Yt1, Yt2)

E[g(Yt1, Yt2)] :=
∫ ∞

−∞

∫ ∞
−∞

g(yt1, yt2)fT (yt1, yt2)dyt1dyt2

The average in the population of g(Yt1, Yt2)

Cov(Yt1, Yt2) := E[(Yt1 − µt1)(Yt2 − µt2)] Covariance Yt1, Yt2

=

∫ ∞
−∞

∫ ∞

−∞
(yt1 − µt1)(yt2 − µt2)fT (yt1, yt2)dyt1dyt2
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Moments of Time Series Process (bivariate)
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Stationarity

Definition: Weakly Stationary Process

A process {Zt} is weakly stationary if

E[Zt] = µ for all t ∈ T ,

Var(Zt)= σ2 <∞ for all t ∈ T ,

Cov(Zt1, Zt2) = γ(|t1 − t2|) for all t1, t2 ∈ T .

Definition: Strictly Stationary Process

A process {Zt} is strictly stationary if for all t1, · · · tk ∈
T (for any positive integer k) the joint density of

(Zt1+τ , ..., Ztk+τ)
′ is invariant to τ .

15



Stationarity

Definition: Weakly Stationary Process

A process {Zt} is weakly stationary if

E[Zt] = µ for all t ∈ T ,

Var(Zt)= σ2 <∞ for all t ∈ T ,

Cov(Zt1, Zt2) = γ(|t1 − t2|) for all t1, t2 ∈ T .

Definition: Strictly Stationary Process

A process {Zt} is strictly stationary if for all t1, · · · tk ∈
T (for any positive integer k) the joint density of

(Zt1+τ , ..., Ztk+τ)
′ is invariant to τ .

15



Stationarity

Strict stationarity is a stronger condition than weak stationarity

We refer to weak stationarity as stationarity (unless stated otherwise)

Process generating sample data may not be stationary, e.g.

Mean and/or (co-) variance of Zt is not constant over time

Zt has a unit root (e.g. a random walk)
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White Noise Process

Definition: White Noise

A process {Zt} is white noise if

E[Zt] = 0 for all t ∈ T ,

E[Z2
t ] = σ2 <∞ for all t ∈ T ,

E[Zt1Zt2] = 0 for all t1 6= t2 ∈ T .

i.e. zero mean, constant variance and no correlation across time

WN(σ2) notation for a white noise process with variance σ2

Note: white noise V weak stationarity (not the reverse)
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Auto-covariance & Autocorrelation Function

{Yt} assumed stationary (unless stated otherwise)

Definition: Autocovariance Function of {Yt}

γ(k) :=Cov(Yt, Yt−k) ∀ k ∈ T

Definition: Autocorrelation Function of {Yt}

ρ(k) :=
γ(k)

γ(0)
∀ k ∈ T

ρ(k) correlation between Yt and Yt−k

Correlations a function of ’gap’ k, not time (stationarity)

Correlations in sample data should reflect the correlation in {Yt} (for large T)

18
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ARMA(p,q) Processes



Moving Average Process

Yt is subject to stochastic ’shock’ εt

εt is unobserved

Assume {εt : t ∈ T } is WN(σ2)

Suppose Yt = θ1εt−1 + εt

Yt is weighted moving average of shocks at t, t− 1

Known as moving average process (order 1)

Assume ε0 = 0

Y1 = ε1

Y2 = θ1ε1 + ε2
...

YT = θ1εT−1 + εT

19
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Autoregressive Moving Average Processes

Definition: Autoregressive process order p

AR(p) Yt = α+ φ1Yt−1 + · · ·+ φpYt−p + εt

Definition: Moving average process of order q

MA(q) Yt = α+ θ1εt−1 + · · ·+ θqεt−q + εt

Definition: Autoregressive moving average process order (p,q)

ARMA(p,q) Yt = α+φ1Yt−1+ · · ·+φpYt−p+θ1εt−1+ · · ·+θqεt−q+εt

p = 0 is MA(q) q = 0 is AR(p)

ARMA(p,q) processes allow very general correlation patterns through time

Lecture 1-5 focus on processes {Yt} stationary

20
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MA(∞) Process

Definition: MA(∞) Process

Yt = α +
∞∑
s=0

θsεt−s θ0 = 1

First and second moments of Yt not a function of t

If V ar(Yt) <∞ then MA(∞) is stationary

Definition: Squared Summability[SS]

∞∑
s=0

θ2s <∞

Definition: Absolute Summability [AS]

∞∑
s=0

|θs| <∞

Stationary if MA(∞) coefficients squared summable

21
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Importance of MA(∞): Wold Decomposition

Theorem: Wold Decomposition

Any stationary process can be represented as MA(∞) :

Yt = α+

∞∑
s=0

θsεt−s, θ0 = 1 εt ∼WN(σ2)

for some coefficients θ1, .., θ∞ satisfying square summability

Can derive mean, variance and covariances of a stationary process by finding its MA(∞) form and

using general formulas for mean, variance and covariance of an MA(∞)

We use this method for the stationary AR(1) process (see Lecture Notes 1)
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Moments ARMA Processes and

Stationarity Conditions



Moments of MA(1) Process

Unless stated otherwise T = {· · · ,−1, 0, 1, · · · } and {εt : t ∈ T } is WN(σ2)

MA(1): Yt = α+ εt + θ1εt−1

E[Yt] = α ∀ t ∈ T

γ(k) =


σ2(1 + θ21) k = 0

σ2θ1 |k| = 1

0 otherwise

V ρ(k) =


1 k = 0

θ1/(1 + θ21) |k| = 1

0 otherwise
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Moments of AR(1) Process

AR(1): Yt = α+ φ1Yt−1 + εt

Yt has recursive structure

Yt = α(1 + φ1 + · · ·+ φj1) + φj+1
1 Yt−(j+1) + φj1εt−j + φj−11 εt−j+1 + · · ·+ εt

|φ1| ≥ 1 V Yt has unbounded variance and {Yt} is non-stationary

|φ1| < 1 V {Yt} is stationary with first and second moments...

E[Yt] =
α

1− φ1

γ(k) = φk1
σ2

1− φ21
∀ k ∈ T ,

ρ(k) = φk1 ∀ k ∈ T .
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Moments of other ARMA Processes

Lecture Notes 1 & (H pp. 50-51) derive MA(q) autocovariance fn.

Exercise 1 asks you to do the same for ARMA(1,1)

MA(q) always stationary - models with an AR component may not be

A useful tool to study properties of ARMA(p,q) is the lag operator...
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Lag Operator

Definition: Lag Operator

The Lag Operator L satisfies

LYt = Yt−1 for any t

Important Property: L ‘behaves’ like Polynomial

(1− L)(1 + L)Yt = (1− L)(Yt + LYt)

= (1− L)(Yt + Yt−1)

= (Yt + Yt−1)− L(Yt + Yt−1)

= (Yt + Yt−1)− Yt−1 − Yt−2
= Yt − Yt−2

(1− L2)Yt = Yt − L2Yt

= Yt − Yt−2
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Intuition for Stationarity Condition in AR(p) for p=2

Yt = α+ φ1Yt−1 + φ2Yt−2 + εt ⇔ (1− φ1L− φ2L2)Yt = α+ εt

(1− φ1L− φ2L2)Yt = (1− λ1L)(1− λ2L)Yt

Yt = (1− λ1L)−1(1− λ2L)−1(α+ εt) Require |λ1| < 1 and |λ2| < 1 for stationarity

Suppose not and λ2 = 1

(1− λ1L)Yt = (1− L)−1(α + εt)

= (1 + L+ L2 + · · · )(α + εt)

Unbounded variance (and mean when α 6= 0)
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Stationarity Condition in General AR(p)

Yt = α+ φ1Yt−1 + · · ·+ φpYt−p + εt ⇔ (1− φ1L− · · ·φpLp)Yt = α+ εt

(1− φ1L− · · · − φpLp)Yt = (1− λ1L)× · · · × (1− λp)Yt

Yt = (1− λ1L)−1 × · · · × (1− λpL)−1(α+ εt) |λj | < 1 for j = {1, · · · , p} for stationarity
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Main Reading

Hamilton

[1] Recap of difference equations and some useful (matrix) algebra. (Omit part on pth order diff.

equations with repeated roots (p. 18/19). Appendix 1A optional)

[2.1] Realisation of a time series process and the lag operator

[2.2] Recursion using lag operator for first order difference series

[2.3] Second order difference series (useful for studying properties of AR(2) models)

[3.1] Expectations and stochastic processes (gives more detail on what we discussed at the start of

lecture)

[3.2] White noise processes

[3.3] Moving average processes (derives mean, variance and autocovariance/correlation functions of

MA(q) and MA(∞) models and discussion of the absolute/squared summability conditions.)

[3.4] Properties and stationarity conditions for AR(p) models

[3.5] ARMA processes

[3.7] Invertibility of MA processes (we did not have time to cover this in lecture but it is

examinable and I shall make a video clip discussing this)

Lecture Notes 1 (available on Moodle)
29



Next Week



Next Week- Estimation and Inference

Sample estimation of first/second moments of a process

Study their asymptotic (large sample) properties

Maximum likelihood estimation of ARMA models and testing

30
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