3.(a) Consider the Linear Model
yr = Bors + (1)
(i) Show that Buts = (Zle wpr?) Ethl W T4 Yy - [4 marks]

Differenfiate SSRyS = Zthl wt;ft(ﬁ) w.r.t B and set equal to zero
to find Buis = (X, werd) ™Y, wiemeyy..

(ii) A researcher claims Bwls will be an unbiased estimator of 3y if and
only if ZtT:1 wy = 1. Discuss with formal proof the validity of this
assertion. [4 marks]
Statement is incorrect, will be unbiased always so long as Zle wyzd >

0 so the estimator exists. A derivaton of F [Bwls] is needed to show
this formally.

~ T 2,2
(iii) Demonstrate that Var(Byus|X) = (ZZT% [10 marks]
t=1 Wty

First show that E[Bus|X] = B then notes

2
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Var(BuslX) = BI((1 wea?) ™ S, werru ) | = (21, wea?) 2 X, wheBluf|X]

by no s.c assumption then note that E[u?|X] = o2 giving the result.

Must state all steps and report assumptions used.

3.(b) (i) A researcher considers the case where x; = 1fort = 1,..,T and wishes
to choose the weights w; (t = 1,..,T) such that Ethl w; = 1 to min-
imise Var(Bwls\X). Show that the solution to the problem is w; =
ot_l(thzl o, D"t for t = 1,..,T. [Hint: Setup the Lagrangean for
this problem and show w; = Ut_l(Z:tT:1 o; D~ fort =1, .., Tsatisfies
the Lagrangean Conditions. | [12 marks]

Setup the Lagrangean (noting that z; = 1) so that Var(B,s|X) Zle wyo?
since 21, w; = 1 and

T T
L= wiof = Ao we — 1)
diff w.r.t w; to find

2wio? — A = 0 and w; = \/202 where Y w; = 1s01=\/2 2321 o7 2
and
A=2 (EtT:l oy 2) which we can sub back in to the above to show

) T -2
Wy = 0y (Zt:lgt )

(ii) Provide an intuitive explanation of wAhy wy = 0y Q(ZtT:l o, )72 for
t = 1,..,T minimises the variance of [,;s. [3 marks]
The estimator putting more weight to that part of the sample with
the smallest variation in u; which is ‘more informative’ about 3y



4.(a)

(i)
(i)

(iii)

Show that the IV estimator is identified when o/Xomg # 0 [3 marks]
Elkix:] = o Ezjxt] = o/ 3gmg which is full rank when o' Ygmg # 0.

Derive the probability limit of B v as a function of 8y, g, Xgc, @ when
o'y # 0. [8 marks] S;y =

Bo + (TS keare) " (1T 1, keuy). where 1/T S kpary 2
Elkizi] = o E[zjzy] = o/ 3gmo by WLLN under i.i.d

When o'¥gmy # 0 then l/Tzz;l ko, 5 (a/Eome) ™t by CMT.
1/T Zle koug 2 Elkauy] = o/c

By slutsky 81y 5 o/c¢/o/S'mg

A researcher argues that BIV may consistently estimate By when

o/¥'my # 0 even when ¢ # 0. Using your answer in a(ii) discuss why
this is the case. [2 marks]

Consistent when o/c = 0.
Under the condition in a(ii) show that vT(Brv — o) A N(0,V)

where V = 08@&%. [12 marks]

VT (Brv — Bo) = (/TS0 keae) " (1/VT S/, usk: then by iid
the WLLN and CMT imply (1/T 3/, ki)' B o/Somp)~! since
OLIZOW()) 7£ 0

By CLT noting that Efutk;] = 0 when o/c = 0 from a(ii) where

Var(l/\/TZthl uky) = oda’Soa then l/ﬁZtT:l ucks % N(0,0¢a'Soa)

If o'mg is close to (but not equal to) zero, briefly discuss two problems in
using 37y to form inference on fg. [4 marks]

IV has higher variance (2marks) Distribution of IV estimator less well
approximated by normal distribution (2marks)

If E[zius] = 0 a researcher argues that it OLS is always preferable to IV to
form inference on fy. Discuss the validity of this statement. [4 marks]

Statement valid, OLS is conistent and will have lower variance since Var(z:) >

Var(ke).



